FORMULATION AND EQUIVALENCE TO A WIENER-H• PF EQUATION
Consider the three-dimensional diffraction problem of Dirichlet type for a plane screen 22 that is assumed to be a (special) Lipschitz domain [ 171 in %,x,T in particular, for the quarter-plane screen c,:x,>o, x,>o (x3 = 0)
PROBLEM. 4"(Z, k). We look for u E H'(R3) with (Ll+k*)U=o in lR3-,E u=g 0nZ for an arbitrary g E H'/'(C), where k = k, + ik,, k, > 0 is given. In what follows, we use the notation: x'= (x1, x2), <'= (rl, r2) E R2, the two-dimensional Fourier transformation F defined by Go(5') = FY ++ c' 24,(x') = s,* eiX'%o(x') dx' in the Y' sense, t(<') = (5'2-k2)1'2 being continuous on R2 with t(t')=<j+O(l), tj+ +m, A=F-'t.F:H"2+H-1'2, Hs=HS(R2) [3] .
p(Z) = {w E H": supp w c Z}, s = +f, and xz for the characteristic function of C.
THEOREM 1 (representation and equivalence). u solves P(Z, k), iff u(x) = Gu,(x) = F&x. e -'x3'r(5')&,( <') uo=A-lw+, w + E ii-l"(C)
hold and w + solves the Wiener-Hopf equation
Wz,k~+ =x=.A-'w+ =g.
Proof
We decompose a solution u by u= u+ + u-, uf E H'(Q*) due to x3 50. By means of the trace theorem [6] write u+ = ii + v, where t?~ HA(Q+) and v = Gu, denotes the extension (3a) of the Dirichlet datum u,M'* ([W2) of U+ on x3 = +O. Since (A + k2) v = 0 holds in 52+, we obtain fi=O as A + k*: Hh(sZ+) --, H-' (Q+) is left invertible [15] . By analogy, we get the representation of u-with the same trace and thus Eq. (3a). Considering i au [  I   au  w+=-----2 ax 3 x3=+0 ax I 1 3 x,=-o (5) which limit exists in H-1'2(lR2) ue to (3a) and has to be supported on C (approximation by smooth functions, tf-"'(LX') is closed), we obtain (3b). The boundary condition (2b) yields (4) and the inverse conclusion is obvious.
Historical Remarks. The classical Sommerfeld half-plane problem consists in the two-dimensional analog (no x,-dependence) for L': x1 > 0, where g(x,, x3) = exp(ik(x, cos 8 +x3 sin 0)} is given. It was already treated in 1896 [14] by means of complex function theory and led to a one-dimensional integral equation (4) [20] will become most important as soon as the asymptotics near the edge are completely known.
For physical reasons the interest centers around positive wave numbers, which claims for Sommerfeld's radiation conditions to obtain a unique solution in an appropriate space. In contrast to complex wave numbers, the usual Sobolev spaces are not suitable in the case k > 0, but have to be replaced, for instance, by weighted Sobolev spaces. u=Gu,=GlI,lg (6) where the potential operator G is defined by (3a), lg is any extension of g c H1'2(Z14) into H"', and II, denotes the projector
dependent on k with the characteristic function x14 of C,,.
Proof: According to the holomorphy properties of tit,,, . A -(I) 4 (9) not depending on the choice of 2. Insertion into (3) completes the proof. COROLLARY 1. By exchanging x, and x2, we obtain that B(.JCl,, k) is also correct. Replace Z7, in (6) For what follows, we list some auxiliary fact. and so llle~I~ll < 2.
LEMMA 2. Z7, acts along fi"2(,JC2,), which is the kernel of the projector P, = ZeC,,x14. due to Lemma 1.
ProuJ: Let Sr denote the reflection operator, S, IQ,(X) = uO( -x1, x2) and decompose uO E H'l2 c L2 by
Then we have n, =n,p,,
due to x~~.A--(~)x~~. = xl4 A -(1) in the last case. This is equivalent to the fact that the kernels coincide, N(ZZ,) = N(P,) = Z7"2(E2,).
LEMMA 3. ZZ, is orthogonal with respect to the scalar product if k = i holds.
(uo, UO)"li2 = I rioi$Jy2 + 1)"2 (14) Proof: We compute the adjoint projector, Remark. We considered two extensions of g E H"*(,JC,,), namely Z,,,,g and ZZ,Zg, which gives the Dirichlet datum u. of the solution to Y(.E',,, k) on the whole Iw*. Compare the corresponding projectors on H"' together with the natural projector PeC1) = l/2(1+ S,), NJ',,,,) = Hf;:, Nf'e,~,) = fC%,,, W'1) = Hi;:,
R(Hl) = A Zf,,L2G4) N(H,) = i?"2(Z2,).
These define different direct decompositions H"'= X, i X2 of the space; the first one is orthogonal due to P$r, = Pp(rI and the last one, too, if k = i holds (which is physically less important). There are analogous results for the projectors Pec2), P,, I7, with respect to the x,-direction.
3. THE QUARTER-PLANE PROBLEM FOR k=i THEOREM 3. Y(C,, i) is correct. The solution is represented by u = GHlg (16) for any gE H1"(Cl), where lg denotes any extension into H1l2 and 17 = 17, A II2 is the infimum of 17, and II,, i.e., the orthogonal projector onto R = R(l7,) n R(l7,). 17 is given by I7= lim Z7,(Z7,Z7,)'= lim Z72(ZZl172)n n-C.2 "-CC in the sense of strong H112 convergence.
Proof The definition and representation of 17 is known from [4, Problem 1221. We prove that uO= l7Zg fulfills (3b) and (4). Since is fulfilled and w+ E R-1'2(X,2) holds as well. Thus w, is supported on 2,) which means w + E ti-"'(Z,), and the existence of a solution in the form of (16) is proved. Z7 = i7l7, = MI2 yields fi1i2(C2,,) = N(I7,) + N(Z7,) c N(n), i.e., w, does not depend on the choice of I (Zg exists, since C, is a special Lipschitz domain [ 173).
Conversely, any solution u with trace u. fullils u. E R. Put w, = Auo, which belongs to fi-1'2(Z:,) due to Theorem 1. Then H,~,=A_~,,x,~.A--(,)A-'w+ =A~;,,xwA;f,~w+ = A-'w, =uo (18) holds, since A ;ti, w + E L2 is supported on .Z,4. The symmetry argument yields u,, E R(17,) n R(l7,) = R, which implies u,, = Z7u0 = ZZZxi . u0 = l7Zg due to the independance of 1. So we get uniqueness. Altogether, the mapping gH uO, Hi'*(Ci) --* H"' is bijective, and G: H1j2([W2) + H'(rW3) is known to be continuous.
Remark. The continuous dependence g w u can also be concluded from the continuity of the even extension operator in two variables, see Lemma 1, which is also bijective, if we replace the last space by {u~H~(IW~):(d+k~)u=OinR~-~,,~~,,=+~-u~~,=~~=0}.
Introducing P, = leC2j~,2 ., P= I,,x, . =P,P2=P2P,, and P,,=1/4(Z+S,) (I+ S,) on H112, we obtain the quarter-plane analog of (15). for k = i only in the third line, where P,', = P,,, Ii'* = II and lIP= II, Pl7 = P are fulfilled.
Remark. For k = k, + ik,, k,>O, but k fi, the projectors Uj are not orthogonal with respect to the scalar product (14) . For k = ic, c> 0, this can be achieved by the aim of an equivalent scalar product with potential (cy'+c ) .
2 'I2 In general (k, # 0) this trick does not work, one only gets either l7: = 17, by use of the potential (tl -iz,)"2(t1 + iZ,)1'2 or ZZ: = 17, by a coordinate exchange.
THE CASE k # i
Now we distinguish the operators (22) and Ai with symbol (t'2 + 1)'12. 
hold for an arbitrary h E H ~ "'(C), where .E and k 4 R are given as above.
This means that the traces u$ E H"*(lR*) of u and uf E H-1'2(R2) of au/ax3 on x3 = &O exist, wax, I.~~=~~uL+, Z+O converge in H-'I*( IX*), see (5) . Furthermore, two boundary conditions (30b) are fulfilled on Z as well as two transmission conditions on R2 -C, namely, fo=G -u, E P(C), f,=uT -u; &7--1'2(C~ (31) i.e., f. = fi = 0 on R* -c in a generalized sense, due to the distributional definition of the Helmholtz operator (approximation by smooth functions). 
see Theorem 1. Since fi E 0 on the whole 58' and u[ = -Au;, u; = Au, hold due to (30b), (31), and (34), respectively, we obtain u,++u,= -A-'f,=O.
Putting U, = -u$ =u;, we get (33) from the Neumann condition (30b). The inverse conclusion is obvious. 
These are orthogonal and act onto fi"'(L':,,), fi"2(C,,), and fi"*(Z,), respectively. 
where h is any extension of h E H -"2(C,,), for instance, lodd(, ,h, A + (, , -depend on k, and fl, is dqfined bJ> (34) not specializing k = i. 
